This paper presents a coupled, dynamic vehicle and honeycomb composite sandwich bridge deck interaction model. The composite sandwich deck consists of E-glass fibers and polyester resin. Its core consists of corrugated cells in a sinusoidal configuration along the travel direction. First, analytical predictions of the effective flexural and transverse shear stiffness properties of the sandwich deck were obtained in the longitudinal and transverse directions. These were based on the modeling of equivalent properties for the face laminates and core elements. Using the first order shear sandwich theory, the dynamic response of the sandwich deck was analyzed under moving dynamic loads. A dynamic vehicle simulation model was used for the latter, assuming that the deck response is the only source of excitation (i.e., its roughness was assumed to be negligible). Subsequently, the dynamic load factors of the sandwich bridge deck were calculated for different traveling velocities. The results suggest that the dynamic load factors vary with the traveling speed and increase significantly with decreasing deck stiffness. Considering multiple degrees of freedom for the vehicle further amplifies the dynamic loading factor and increases the vibration generated by vehicles.
Introduction
Sandwich elements are commonly used in aerospace and automobile structures since they offer great energy absorption and higher moment of inertia without imposing a significant weight penalty. Recently, growing civil engineering infrastructure rehabilitation needs suggest that innovative deck materials such as fiber-reinforced polymer (FRP) composite sandwich structures may be suitable for bridge decks [Plunkett 1997; . These structures typically consist of a corrugated or closed-cell core encased between two face sheets. Such systems are lightweight while providing high strength. Keller [2001] also conducted a series of laboratory and field experiments of FRP bridges and verified that the sandwich elements, if well designed, can be implemented as bridge decks.
However, the performance of sandwich decks for different core configurations and loading cases is not fully understood. conducted a performance evaluation of the FRP sandwich panels with a sinusoidal honeycomb core. proposed an analytical method to estimate the core transverse shear stiffness. Librescu and Hause [2000] reported their research in the modeling of the advanced sandwich structures, especially the study of stability behavior of sandwich panels. Analysis of modern sandwich panels was done in [Frostig 2003; Frostig and Thomsen 2004] using both classical and high-order models. This work studied in-plane and out-of-plane displacement patterns and stress distributions in the sandwich panels under various boundaries and loading conditions.
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There is considerably less literature on the dynamic response of sandwich structures, especially under forced vibrations. Most recently, dynamic response models of higher-order sandwich panels with flexible core were developed in [Yang and Qiao 2005a] . These were used to study free vibration, impact behavior, and stress wave propagation in a sandwich beam. However, in order to safely design and implement sandwich panels as bridge decks, the dynamic response and its dynamic load factor of a sandwich deck under moving forces need to be studied. This paper describes a comprehensive approach to predicting the dynamic response of thick sandwich bridge deck. In addition, it compares their dynamic loading factors to those of conventional concrete decks. First, the analytical stiffness properties of the face sheets and the core of the sandwich structures are estimated using the micro/macromechanics method [Davalos et al. 1996] . The stiffness properties of whole sandwich panel are then evaluated by modeling the sandwich panel as a three-layer laminated structure, and the estimated stiffness properties are subsequently used for predicting the dynamic responses of FRP sandwich bridge decks. A semi-analytical relationship between the mechanical properties and the dynamic response of the sandwich deck is finally developed. Based on this relationship, the dynamic loading factor impacted by traveling vehicles is evaluated and used in analyzing composite sandwich bridge decks.
Effective flexural and shear stiffness of sandwich decks
The first step in designing a composite sandwich deck is the estimation of the equivalent stiffness properties of the face sheets, the core elements, and the sandwich deck. The configuration of the face laminate, sinusoidal core, and sandwich panels are summarized in Figure 1 . 1.1. Modeling of face laminates. The engineering properties of laminated panels can be predicted by a combined micro/macromechanics approach [Davalos et al. 1996] . The prediction of the ply properties using the micromechanics approach is well defined [Chamis 1984] . The stiffness properties of each layer can be computed from existing micromechanics models, such as rule of mixtures (ROM) [Jones 1999 ], periodic microstructure (PM) [Luciano and Barbero 1994] and composite cylinders (CC) [Hashin and Rosen 1964] , wherein each layer is modeled as a homogeneous, linearly elastic, and generally orthotropic material. As in [Davalos et al. 2001] , a typical face laminate may include the following four types of fiber layers:
Ply name Orientation E 1 (GPa) E 2 (GPa) G 12 (GPa) G 23 (GPa) (1) Chopped strand mat (ChopSM), which is made of short fibers randomly oriented, resulting in nearly isotropic in-plane properties.
(2) Continuous strand mat (ContSM) which consists of continuous randomly oriented fibers; this product is commonly used as backing material for non-woven fabrics and can be modeled as an isotropic layer. The stiffness of each ply can be predicted from micromechanics models. In this study, a micromechanics model for composites with periodic microstructure [Luciano and Barbero 1994 ] is used to obtain the elastic constants for each individual layer (Table 1) .
After the elastic properties of each ply are obtained from micromechanics, the equivalent stiffness properties of the face laminate are computed from classical lamination theory [Jones 1999] . A set of equivalent laminate stiffness properties can be defined for approximately balanced symmetric face laminates [Davalos et al. 1996] and are given in Figure 2 . A unit cell of sinusoidal core. core wall can be described as
The microstructure of core walls, either flat or corrugated, includes a continuous strand mat (ContSM) consisting of continuous randomly oriented fibers. This layer can be modeled as an isotropic layer and its properties, predicted by the micromechanics model [Luciano and Barbero 1994] , are given in Table 1 .
An improved mechanics approach recently developed by [Qiao and Wang 2005] is used to evaluate the effective in-plane Young's moduli of sinusoidal cores. For the transverse shear moduli, the formulas for general core configuration obtained from homogenization theory [Xu et al. 2001] are applied for the case of sinusoidal core.
To obtain the core effective transverse Young's modulus (E e y ), a macroscopic stress σ y is applied to the unit cell in the y direction (Figure 2 ). Due to the symmetry of the unit cell, only a quarter of it is considered, as shown in Figure 3 , left. The free body diagram of a half-wave curved core wall is presented in Figure 3 , right, where P, F, and M 0 are the resultant forces and a moment of curved wall from macroscopic stress σ y . Based on the equilibrium condition, the internal forces and moment (M, N , and V in Figure 3 , right) of the curved wall beam element are Figure 3 . Modeling of the core effective transverse Young's modulus, E e y : loading configuration (left) and internal force analysis (right).
The elastic strain energy of the curved wall in Figure 3 is expressed as
where
Castigliano's theorem gives
It is noted that
Combining (7) and (8) gives the expression of y in term of P. Therefore, the core effective transverse Young's modulus (E e y ) is obtained as
Similarly, a macroscopic stress σ x is applied to the unit cell to compute the core effective longitudinal Young's modulus in the x direction (Figure 4 ). Again, due to the symmetry of the unit cell, only a quarter of it is modeled (Figure 4 , left). Its internal forces and moment can be obtained with the aid of Figure 4 , right.
The strain energy of the quarter representative volumetric element (RVE) is given as Figure 4 . Modeling of the core effective longitudinal Young's modulus, E e x : loading configuration (left) and internal force analysis (right). where M is the internal moment and N , and V are the internal forces of the half curve waved wall and are calculated by using (2)- (4) with P = 0. Again, invoking Castigliano's theorem results in
where F 1 , F 2 , and F 3 correspond to the forces on the top flat, curved, and bottom flat walls, respectively (see Figure 4 , right), and can be expressed in term of x . Hence, the core effective longitudinal Young's modulus (E e x ) is obtained as
The solutions for the core effective transverse shear moduli (G e yz and G e x z ) are obtained based on a homogenization method [Xu et al. 2001] and are given as
where G s 12 is the shear modulus of solid walls (Table 1) , and S is the length for the curved segment, S = B A ds ( Figure 5 ). Based on the above formulas for both the Young moduli and transverse shear moduli, the equivalent material properties of the sinusoidal core in the longitudinal and transverse directions are provided in Table 3. 1.3. Effective stiffness properties of honeycomb sandwich beams. Next we find the stiffness coefficients of a sandwich panel by modeling the sandwich as a three-layer laminated plate (top and bottom face sheets and core). Then the constitutive relations for the sandwich deck including the transverse shear deformation are obtained. The in-plane stress-strain relation of a general orthotropic lamina is expressed as
where, {σ } = {σ x , σ y , σ x y }, {ε} = {ε x , ε y , ε x y }, and [Q] is the matrix of reduced stiffness coefficient Q i j . Integration of (14) through the thickness of the beam results in the relation between the resultant forces and moments and the strains and curvatures:
where [A] is the 3 × 3 extensional stiffness sub-matrix, [B] is the 3 × 3 bending-extension coupling stiffness sub-matrix, [D] is the 3 × 3 bending stiffness sub-matrix [Jones 1999 ]. The sandwich beam is symmetric with respect to the middle surface; hence the bending-extension coupling coefficients are zero. The compliance equations are obtained by inverting the matrices in (15):
To obtain the beam stiffness coefficients from (16), in accordance with Whitney's assumption [1987] , only N x and M x are retained. Hence, the compliance coefficients for the sandwich beam can be simplified to ε 0
Inverting (17) leads to the expression for the force resultant of the sandwich beam as
where A and D are the extensional and bending stiffnesses of the sandwich beam, and they are defined as A = 1/α 11 = (A 11 A 22 − A 
Following a similar procedure for the extensional and bending stiffnesses and considering only the resultant component in the x-direction (Q x ) and assuming a constant transverse shear strain through the beam thickness, the constitutive relation for the transverse shear resultant is
where k is the shear correction factor and F is the transverse shear stiffness.
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In the following, the shear correction factor of a three-layer sandwich beam is derived using the energy equivalence principle. Using two-dimensional equilibrium equations, the shear strain energy is calculated and equated to the shear strain energy obtained from the constitutive relations of (20).
Using the equilibrium equation for the stresses on the x z plane in the absence of body forces and after integrating through the thickness of the section, the shear stress expression becomes
Substitution of (14) into (22), use of the expression of strains and curvatures in (16), and consideration of the equilibrium equation of a beam (i.e., N x,x = 0 and M x,x = −Q x ) yields
Equation (23) expresses the variation of the transverse shear stress through the thickness of the section. Employing the constitutive relation for the transverse shear given in (19) and assuming σ yz as negligible, the shear strain energy per unit length is obtained as follows:
Then
Similarly, the constitutive relation of (20), which assumes that the average transverse shear strain is constant through the thickness, results in the shear strain energy per unit length as
Equating both strain energies given by (25) and (26), the expression of the effective transverse shear stiffness of the sandwich beams including the shear correction factor is given by
For the sandwich beam application, which consists of three layers (two face sheet layers and one core layer), the effective transverse shear stiffness of the sandwich beam is computed, based on (27), as
, (28) and the bending stiffness is computed using (18) as
where h is the thickness of the sandwich; h c is the thickness of the core; b is the width of the beam; the subscripts f and c stand for the face sheet and the core, respectively; and the other parameters are as explained earlier. Based on (14) and (15) and the equivalent properties of face laminates and cores given in Tables 2 and 3 , the beam stiffness properties along the longitudinal and transverse directions are reported in Table 4 . These properties, which are shown as plate stiffness in Table 5 , are later used for the dynamic response analysis and dynamic impact factor calculations. Table 5 . Axial, bending and shear stiffnesses of the sandwich panel.
Dynamics of sandwich bridge decks
The bridge-vehicle interaction involves dynamics of bridge decks and vehicles. Ignoring the roughness of the deck, the governing equations for sandwich bridge deck dynamics consider the total bending deflection (including shear deformation), w, and the bending slope, ψ x , ψ y , and they can be written as follows [Dobyns 1981; Ip and Tse 2001] :
where A i j (i, j = 1, 2, or 6) are the extensional stiffness of the face sheet; A 44 and A 55 are the transverse shear stiffnesses of the face sheet, and k is the shear correction factor; D i j (i, j = 1, 2, or 6) is the bending stiffness of face sheet; u 0 , v 0 , and w are the mid-surface displacements of the face sheet in the x, y, and z directions, respectively; ψ x and ψ y are the rotations of the face sheet; andρ = h t /2 −h t /2 ρdz and I = h t /2 −h t /2 ρz 2 dz (r is the individual layer density in the face sheet laminate). The loading function resulting from a group of moving loads can be written as
where { p l (t), l = 1, 2, . . . , N p } are the moving loads which are moving as a group at a fixed spacing; x l (t), y l (t) is the position of the moving load p l (t); δ(x) is the Dirac function. By modal superposition, the displacement of the orthotropic plate can be written as
where A mn (t), B mn (t), C mn (t), D mn (t) and E mn (t) are the time-dependent unknown coefficients to be determined; and M and N are the number of the terms used in the series. The impact load from the truck can also be represented as
(See Figure 6 .) In this study, the effects of rotational inertia are neglected (I = 0). By considering (30) and (32), an independent set of five equations for each pair (m, n) of Fourier coefficients is obtained,
where the coefficients in the matrix are expressed as
Following [Yang and Qiao 2005b] , one can reduce (34) to a single differential equation by the transformation
where K A1 , K B1 , K A2 , K B2 are the system constants that transform (34) into a single differential equation, Figure 7 . Idealization of two-axle vehicle.
Dynamics of vehicles
The mathematical model for the H20-44 truck is shown in Figure 7 . The model is similar to that employed in [Zhu and Law 2002] .
The vehicle body is assigned three degrees of freedom, corresponding to the vertical displacement (bounce or y), rotation about the transverse axis (pitch or θ p ), and the rotation about the longitudinal axis (roll or θ r ). Each wheel/axle set is described with two additional degrees of freedom in the vertical and roll directions (y a1 , y a2 , θ a1 , θ a2 ). Therefore, the total number of independent degrees of freedom is seven. The equations of motion of the vehicle are derived using Lagrange's formulation as follows:
where F int V is the interaction force vector applied on the vehicle, M V , C V and K V are, respectively, the mass, damping and stiffness matrices of the vehicle system and Y is the vector of the vehicle degrees of freedom.
The vehicle-bridge interaction
The vehicle-bridge interaction forces for a single vehicle can be written as
where {K t yi , i = 1, 2, 3, 4} are the stiffnesses of the tires; {C t yi , i = 1, 2, 3, 4} are the friction coefficients of the tires; S d1 , S d2 are the wheel spacings of the front and rear axles respectively, and
where d(x, y) is the surface roughness of the bridge deck (here we assume d(x, y) = 0, that is, the surface is smooth), and (x i (t), y i (t)) is the location of the i-th tire at time t. As the vehicle moves along one lane, we have
where y 0 is the transverse coordinate of the centerline of the vehicle.
5. Dynamic responses and dynamic loading factor of different bridge decks 5.1. Vehicle approximated with one degree of freedom. Based on the simply supported boundary conditions we have assumed, the bridge-vehicle interaction model is formulated using (37)- (39) and solved using Newmark-β method [Zhu and Law 2002] . The vehicle body is rigid and subjected to bounce, pitch, and roll motions. The parameters of the vehicle-bridge system for a typical concrete deck are as follows: Table 6 . Calculation parameters for the concrete deck-vehicle system (where l is the span length, b the bridge width, h the deck thickness, ρ, E and ν the density, Young's modulus and Poisson's ratio of the deck material, m c the mass of the vehicle, and K t y the contact stiffness of tire with the bridge).
The vehicle simulation started from the location of (0, 5.35) and the deflection generated at the center point of the simply supported plate is calculated as shown in Figure 8 . The number of Fourier series terms used are 50 × 50, which grantees its convergence as shown in the sandwich deck case. First the dynamic simulated results are compared with the static results. From Figure 8 , we see that the model captures the static and dynamic effect very well. And the peak result is also very close to the numerical result 3.29 × 10 −5 m calculated by ABAQUS when the load is applied at the center point.
5.2.
Vehicle approximated with seven degrees of freedom. The bridge is still simplified as a simply supported plate. However the vehicle body is approximated as a seven-degree-freedom rigid body and subjected to bounce, pitch and roll motions. The parameters of the vehicle-bridge system are listed in Tables 7 and 8 .
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5.3. Effect of deck stiffness. Using the given sandwich deck as shown in Table 5 , the bridge-truck simulation is conducted at a speed v = 37.5 m/s. Since the sandwich panel has relatively low stiffness, it is worth verifying the convergence of the solution as a function of the number of terms used. As shown in Figure 13 , when the number of terms in each direction reaches 40, the solution convergences. Using 50 terms of series in each direction, the center point deflection of the sandwich deck under the given vehicle is shown on Figure 14 with its static maximal deflection as 0.385 m, while the maximal wheel deflection is 0.576 m. From this figure and Figure 15 , it is evident that the dynamic load factor (DLF) is 1.50 for the given composite sandwich deck, which is much larger than the design dynamic load factor 
Number of terms in each direction
Relative error Figure 13 . Convergence of the solution. (1.25) for concrete type bridge decks. The reason behind the large deflection and dynamic load factor is that the lower stiffness of the sandwich plays a large role in the bridge-vehicle interaction and needs more attention. Since the maximum dynamic load factor is 1.5, it means that in a linear analysis as used in many codes the maximum stresses in the bridge deck are also 1.5 times those calculated by only considering static loading (neglecting its dynamic effect). Therefore, it is absolutely vital to use dynamic equations when analyzing or designing bridge decks made of composite materials. At the same time, due to large deflections of the composite deck, wheel loads (Figure 16 ) on the deck are also increased about three times compared to the concrete bridge deck as shown earlier in Figure 11 . 
Conclusions
A coupled generalized composite sandwich bridge-vehicle interaction model was introduced capable of capturing the interaction between vehicles and bridge deck systems. The results demonstrate that the proposed dynamic bridge-vehicle interaction procedure using modified Timoshenko plate models can be used to evaluate the dynamic response and the dynamic loading factors of sandwich bridge deck systems. The results suggest that the dynamic load factors vary with traveling speed and increase significantly with decreasing deck stiffness. The proposed model also predicts the increased vibration generated by vehicles. The vehicle simulation model has multi-degrees of freedom and provides estimates of the amplified dynamic loading factor. The procedure described here has potential practical application in the design of sandwich bridge decks.
